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Abstract 

It is known that signature of a Weyl group element is defined in terms of the number 
of its simple Weyl reflections. Actual calculations hence are not always possible especially 
for Weyl groups with higher order like Eg Weyl group. By extending the concept from 
signature of a Weyl reflection to signature of a weight, we show that signature of a weight 
is defined without referring to Weyl reflections, Though both have the same result, the 
signature of a weight can be calculated for any Lie algebra. 
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I. INTRODUCTION 

Let W(Gn) be the Weyl group of a Lie Algebra Gat of rank N. For i = 1, 2 . . . , N, 
let Ai's and ct^'s be respectively its fundamental dominant weigths and simple roots. For 
general terms on Lie Algebra technology, we refer to the excellent book of Humphreys [1] 
as ever. 

The Weyl reflections with respect to simple roots will be called simple reflections cr^. 
We extend multiple products of simple reflections trivially by 

o"ii.i 2 (A) = ^((^(A)) 

and all that. 

The length £(E) of a Weyl group element E with the following reduced form 

= a ix .Oi^. . .o ik {1.1) 
is known as £(E) = k and its signature is defined by 

e(E) = (-1)'< E >. (1.2) 

The reduced here means k is the minimum integer for E . 

In this work, we appropriately extend the concept of the signature of a Weyl reflection 
to the concept of the signature of a weight. To this end, let us consider that 

H = &i 1 .i 2 ...i s ( x+ ) ( J - 3 ) 

where \x is an element of the Weyl orbit W(X + ) of a dominant weight A + . Our point of 
view here is to get (1.2) in the absence of the knowledge of (1.3) and it will be given in the 
next section. 

We show in a subsequent paper [2] that how this will be of great help especially in 
applications of Weyl character formula for higher Lie algebras like E 8 . 

II. THE SIGNATURE OF A WEIGHT 

As in sec. I, for any \x e W(\ + ), we know that 

\+- fi = 1 +eR + (G N ) (III) 
where R + (Gn) is the positive root lattice of Gn- 
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Our observation here is the following statement: 
Let <& + (Gn) be the positive root system of Gn and ||$ + (Gtv)|| be its order . Then, 

(1) For Pa £ & + (Gn), the equation 7+ = Y^a=i Gn ^ 6a Pa has a unique solution on 
condition that €a = 0, 1 , 

(2) the number of e^'s with the value +1 is equal to the length of /z, as defined in (1.3) 
and (1.2) . 

For the validity of this statement, we only need the following observation. For two 
positive integers N and M, let us consider 

^ 1 ,i 2 ,...,i N _ 1 (A + ) - a il)i2) ... )iN (A + ) = 4> N e $ + (G N ) 

and 

(r il ,i 2 ,...,i M ^ 1 (X + ) - a ilt i 2} ... }iM (X + ) = 4> M e $ + (G N ). 

Then,for N 7^ M, we know that 4>n 7^ <t>M- 

Though this simple observation is sufficient to show the validity of our statement 
above, it is also in the root of the fact that the order of Poincare series of finite Lie 
algebras is equal to the order of their positive root systems. Note here that, the very 
definition of Poincare series of a finite Lie algebra tells us that its term of order k is equal 
to number of Weyl group elements of length k. 

One now is readily see that the signature of weight /i is defined as in the following: 
where 

l|1> + (G^)|| 
A=l 

Though, this simple result helps for our subsequent works concerning applications of 
Weyl character formula for E 7 and E 8 Lie algebras, we would like to end up by giving here 
a nice example for an element with length 29 of E 8 Weyl group. 
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Let us define Eg as being in line with the following Dynkin diagram: 
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Let us consider an element p = S(p) where 

E = 04,3,2,5,4,3,7,8,5,4,3,2,1,6,5,4,3,2,8,5,4,3,6,5,4,7,6,5,8 (-^-4) 

with £(H) = 29. To reach the same result but in another way, one sees that 

p - p = an4 + «io4 + "92 + "88 + "75 + "54 + "48 + "70 + "49 + 
"42 + "65 + "64 + "43 + "36 + "60 + "55 + "39 + "15 + "8+ 
"33 + "27 + "21 + "7 + "24 + "18 + "12 + "17 + "11 + "4 

where ai E &(E 8 ) (I = 1,2,..., 120) aand hence k(fi) = 29 in the notation of (II.3). 
Ordering of the roots aj in (II. 6) is as in the reduction of p down to p step by step. For 
example, 

C4, 3, 2, 5,4, 3, 7,8, 5,4, 3,2,1, 6,5,4,3, l{p) ~ 04,3,2,5,4,3,7,8,5,4,3,2, 1,6, 5,4, 3,2,8(p) = "65 

or 

04,3,2,5,4,3,7,8(P) ~ 04, 3, 2, 5,4, 3, 7,8, ${p) = "27 

and all that. The composite roots in (II. 6) are given in appendix. 

As the final note, let us emphasize that (II. 5) is valid for X ++ —p ++ where A ++ = p+A + 
is a strictly dominant weight and p ++ = E(A ++ ) where E is given in (II. 4). Hence we 
conclude that the signature of a weight is exactly the same with the signature of a Weyl 
group element though the former is possible for actual calculations. 
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APPENDIX 

a ii4 = Oi\ + 2 «2 + 3 «3 + 4 «4 + 5 «5 + 3 «6 + 2 «7 + 3 as 

Q!l04 = «i + 2 «2 + 3 «3 + 4 «4 + 4 «5 + 2 ttg + Ct7 + 2 Q!8 
«92 = «2 + 2 «3 + 3 «4 + 4 «5 + 2 tt 6 + «7 + 2 Ct 8 

"88 = ol 2 + 2 a 3 + 3 a 4 + 3 «5 + 2 a 6 + a 7 + 2 a 8 
"75 = "i + 2 a 2 + 2 «3 + 2 «4 + 2 a 5 + a 6 + a 7 + a 8 

"54 = «2 + "3 + "4 + 2 «5 + «6 + «7 + «8 

"48 = Oii + « 3 + a 4 + a 5 + a 6 + a? + a 8 

"70 = "l + "2 + 2 «3 + 2 «4 + 2 «5 + (Xq + tt7 + CHg 
"49 = "3 + "4 + 2 «5 + «6 + "7 + "8 

"42 = a 3 + a 4 + a 5 + a 6 + «7 + a 8 

"65 = «2 + 2 «3 + 2 a 4 + 2 a 5 + a 6 + a 7 + a 8 

«64 = Oil + OL2 + «3 + 2 «4 + 2 «5 + «6 + «7 + as 

«4 3 = a 4 + 2 « 5 + a 6 + a 7 + a$ 

"36 = "4 + "5 + "6 + "7 + "8 

"60 = «2 + "3 + 2 «4 + 2 «5 + «6 + "7 + "8 

"55 = "3 + 2 a 4 + 2 a 5 + a 6 + a 7 + a 8 

"39 = Oil + "2 + "3 + "4 + "5 + "8 
"15 = "5 + "8 

"33 = «2 + "3 + "4 + "5 + "8 

"27 = "3 + "4 + "5 + "8 

«21 = "4 + "5 + "8 

"24 = "2 + Ol 3 + a 4 + a 5 

"18 = "3 + "4 + "5 

«12 = O14 + «5 

"17 = Oii + « 3 + a 4 

«H = «3 + «4 



